Sixty years ago, in 1949, Coulson and Fischer published a paper [1] on the molecular orbital treatment of the ground state of the hydrogen molecule in which they presented a wave function providing a simple physical picture of the chemical bond, combining the advantages of molecular orbital and valence bond theory. In a recent publication [2] , it has been emphasized that the Coulson-Fischer function is distinct from the molecular orbital and valence bond functions, and should be regarded as a 'third way' in quantum chemistry. Unlike the widely used Hartree-Fock molecular orbital wave function, the Coulson-Fischer wave function provides a qualitatively correct description of the molecular dissociation process, i.e.
It therefore provides a prototype for quantum chemical approximations which are applicable to complete potential energy curves and surfaces. Gerratt et al. [3] described the work of Coulson and Fischer as "a remarkably under-valued paper". The Coulson-Fischer ansatz forms the precursor for a number of methods currently used in ab initio molecular electronic structure theory in studies where an entire potential energy curve is required. Examples include the 'spin-coupled' theory of Gerratt and Lipscomb [4, 5] , the pair function model of Hurley et al. [6] , the 'generalised' valence bond theory of Goddard and his coworkers [7, 8] , and the 'hierarchical tree' methods proposed by one of us [2, 9] . The Coulson-Fischer wave function is built from a spatial function which can be written as a product of two non-orthogonal orbitals which are related by reflection in the plane perpendicular to the internuclear axis. Coulson and Fischer used a minimum basis set consisting of a 1s functions located on each of the component atoms. In 1975, Wilson and Gerratt [10] employed an extended basis set of exponential-type functions and demonstrated that their 'generalized' Coulson-Fischer wave function combines "conceptual simplicity" with "results of remarkable accuracy". For example, the generalized Coulson-Fischer wave function recovers over 87.1% of the binding energy of the hydrogen molecule ground state.
The multireference character of a molecule typically changes across the potential energy surface during bond formation or breaking. It is well known that the restricted Hartree-Fock (rhf) wave function includes unphysical terms at the dissociation limit undermining attempts to use single reference correlation methods, such as the popular ccsd(t) theory, in studies of chemical reactions. Futhermore, unrestricted Hartree-Fock (uhf) theory often results in qualitatively incorrect potential energy surfaces, particularly in the intermediate bond breaking region, because of spin contamination [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] i.e. the mixing of unwanted spin states into the wave function, which results in unphysical barriers.
The continuing growth in the power of digital computing machines has facilitated increasingly accurate quantum chemical approximations. A fundamental approximation which is ubiquitous in molecular electronic structure calculations is the algebraic approximation [26] or expansions in a basis set of finite analytical functions -most often Gaussian-type functions. In recent work [27, 28] , we have shown that distributed basis sets of s-type Gaussian functions can support the ground state Hartree-Fock energies for small diatomic molecules at the sub-µHartree level of accuracy. We have also demonstrated that a comparable level of accuracy can be achieved in four-component relativistic calculations for molecules using the Dirac-Hartree-Fock model [29] . In these basis sets, the exponents can be generated using the even-tempered prescription developed by Ruedenberg and his co-workers [30] . It has been shown that an anharmonic model can be employed to distribute the basis functions. Distributed Gaussian basis sets defined in this way involve a single variational parameter for each geometry considered. The results can be compared with fully variation calculations in which both the exponents and positions of the basis functions are independently optimized. Further details can be found in our previous publications [27, 28] .
The present work demonstrates the use of the distributed basis set approximation, using the combination of the even-tempered prescription for generating exponents and the anharmonic model for defining the positions of the basis functions, for a wave function which is capable of supporting a qualitatively correct description of a complete potential energy curve from the united (He) atom to the separated H atoms. In the next section, we recall details of the Coulson-Fischer study which are relevant to the present work. Distributed basis sets are described in section 3, focussing on sets of s-type Gaussians with the exponents generated by assuming that they form a geometric progression and the distribution based on the anharmonic model. Section 4 contains both our results and discussion. Our conclusions are given in section 5. 
The Coulson-Fischer Wave Function and Energy Expectation Value
In their seminal work, Coulson and Fischer [1] gave an explicit demonstration of the equivalence of the molecular orbital (mo) and valence bond (vb) models of molecular electronic structure when these approximations are sufficiently refined. Specifically, they showed that the vb function ψ = {ψ cov + kψ ion }, with the covalent structure ψ cov = φ a (1) φ b (2) + φ b (1) φ a (2) and the ionic struc-
is a bonding molecular orbital and σ * 1s = φ a − φ b is an antibonding orbital. Furthermore, they showed that these vb and mo wave functions are equivalent to a third approximation ψ = (ϕ a (1) ϕ b (2) + ϕ b (1) ϕ a (2)) in which the orbitals have the form ϕ a (1) = φ a (1) + λφ b (1) and ϕ b (2) = φ b (2) + λφ a (2). (In the above we have neglected the normalization factors in each approximate wave function.) In the Coulson-Fischer study, the orbitals φ a and φ b are 1s-atomic orbitals centred on the two nuclei a and b. The third approximate wave function has been termed 'different orbitals for different spins' dods or a 'spin coupled wave function'. In recent work [2] , we have emphasized that the Coulson-Fischer function is distinct from both the molecular orbital and the valence bond models. It represents a 'third way' in quantum chemistry.
The generalized Coulson-Fischer wave function of Wilson and Gerratt [10] has the form
where the spatial orbitals ϕ 1 and ϕ 2 are not orthogonal and are related by reflection in the plane perpendicular to the internuclear axis and passing through its midpoint, i.e.
and the two-electron spin function has the form
where α (β) is the up (down) spin function. A is the idempotent antisymmetrizer. When ϕ 1 (ϕ 2 ) is approximated by a 1s atomic orbital centred on nucleus a (b), the original Coulson-Fischer function is recovered. In the 'generalized' Coulson-Fischer function, the orbitals are approximated by expansion in some arbitrary basis set {χ p (r) ≡ r|χ p , p = 1, 2, . . . , m}, that is
In this equation, the coefficients c ip determine the weight of each basis function in the approximation |φ i to the exact orbital |ϕ i , where we have used the Dirac notation in whichφ i ≡ r|φ i and ϕ i ≡ r|ϕ i . Equation (5) defines the algebraic approximation; the expansion in a set of finite analytical functions which is ubiquitous in practical computational quantum chemistry. It is assumed that as the size of the basis set m is increased, the approximation |φ i will converge the the exact orbital |ϕ i . (In the following discussion, we shall omit the bar when confusion will not arise.) In their study, Wilson and Gerratt [10] employed an expansion in atom-centred exponential-type functions so that their approximations for the orbitals had the form
where the basis set { χ a p , p = 1, 2, . . . , m a } is centred on nucleus a and the set { χ b p , p = 1, 2, . . . , m b } is centred on nucleus b. (For a homonuclear system described by an atom-centred basis set, the exponents of the functions located on centre a are taken to be the same as those on centre b.) In more recent work, Moncrieff and Wilson [31] employed basis sets of atom-centred Gaussian-type functions as well as basis sets containing functions centred on the bond mid-point. In this case, the orbital approximations have the form
where the set { χ c p , p = 1, 2, . . . , m c } is located at the bond centre. The exponents of the functions centred on the mid-point of the bond can be different from those centred on the two atomic nuclei. In this work, we employ distributed Gaussian basis sets which are defined in the next section, section 3.
The energy expectation value corresponding to the wave function (2) can be written
where h is the one-electron component of the hamiltonian and g is the two-electron component. For a given basis set, the orbitals can be determined by forming the Lagrangian
and considering variations of the orbitals. This leads to the pseudo-eigenvalue equations
and
for the two orbitals. In practice, a self-consistent field process is employed to solve the orbital equations, solving first equation (10) then using equation (3) to improve the approximation for |ϕ 2 . This process is repeated until self-consistency is achieved to within a certain accuracy. The electronic energy depends not only on the orbital expansion coefficients, c ip , but also on the basis set. Optimization of the parameters defining a given basis set requires the gradient of the energy with respect to the exponents ζ p , p = 1, 2, . . . , m and positions of the basis functions r p , p = 1, 2, . . . , m. By defining the projection operator
the orbitals can be written as
and variations |δϕ i take the form
where
The orbital equations can be cast in the form
and the second term on the right-hand side of equation (14) leads to the equations for basis set optimization
In the present case M = 2m since there is an exponent and one position of the corresponding Gaussian function to optimize for each function in the distributed basis set for the ground state of the H 2 molecule. The derivative of the projection operator Π with respect to the basis set parameters can be written as
Substituting equation (18) into (17) gives the expression
By taking account of equation (16), we are led to the relation
the left-hand side being the gradient of the energy with respect to the basis set parameters ζ p and r p . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 In this present study, a direct optimization procedure was used to determine the variational parameters defining the basis sets in which derivatives were not explicitly evaluated [32, 33] .
Distributed Gaussian Basis Sets
In distributed Gaussian basis sets of s-type functions, the exponents and the distribution of the Gaussian basis functions are generated according to empirical prescriptions which are constructed so as to ensure that the set becomes complete in the limit m → ∞. The distributed Gaussian basis set approach should be distinguished from the use Gaussian lobe functions [34] [35] [36] [37] [38] and from the floating spherical Gaussian orbital (fsgo) model [39] [40] [41] [42] [43] in that there is no attempt to mimic higher harmonics directly, and nonlinear optimization is avoided. This allows the use of large basis sets, resulting in high precision.
The approximate orbitals are written
where the c ip are orbital expansion coefficients and the s-type Gaussian basis functions are defined as follows
In this expression, ζ i is the exponent and r p = (x p , y p , z p ) is the position of the function.
The parameters defining the basis sets, ζ p and r p , can be determined by invoking the variation principle [44] [45] [46] [47] . However, it has been established that the even-tempered prescription in which the exponents are taken to form a geometric sequence ζ p = αβ p , p = 1, 2, . . . , m
can be very useful [27, 28] . α and β can be taken to be functions of m. In 1979, it was established [30] that for atoms well-defined schemes can be constructed such that even-tempered basis sets approach a complete set in the limit of large m and, therefore, the HartreeFock limit is approached.
In more recent work [27, 28] , it has been shown that an anharmonic model can be profitably used to distribute the basis functions along the internuclear axis in diatomic molecules, which is taken to coincide with the x-axis. We used a series of anharmonic distributions with shifted origins to generate subsets of functions centred on regularly spaced points lying on the straight line passing through the two nuclei. The first subset of anharmonically distributed functions is generated according to the formula x p = X N + ∆x p+ , p = 1, 2, . . . , m 1 (25) where X N is the coordinate of a nucleus and m 1 is the number of functions in the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 first even-tempered subset. The shifts, ∆x p , are given by
where the subscript ± on the left-hand side distinguishes between the two roots on the right-hand side, Z is a nucleus charge and R an internuclear distance. The parameter k is determined by invoking the variation theorem. The functions in the second subset are distributed according to the relation
where m 2 (< m 1 ) is the number of functions in the second subset and ∆x 0 is related to k through the equation [27, 28] 
The exponents are taken from the lower elements in the even-tempered sequence (24) . For the third subset, the positions of the functions are defined by
This series of anharmonic distributions with shifted origins lying between the two nuclei is supplemented by subsets of functions centred on the line passing through the nuclei but beyond the internuclear region. These functions centred on the points
are able to describe the depletion of charge beyond the nuclei. The anharmonic scheme allows the use of a single variational parameter for different nuclei. We use the following notation to describe a distributed basis set defined by a series of subsets each constructed using an anharmonic model:
In this notation, X is the nucleus with respect to which the basis set is defined, the first [. . .] defines the subsets of functions lying on the internuclear axis and the second [. . .] the subsets located beyond the internuclear region. m −1 , . . . denotes the number of functions in each of this second set of basis subsets.
Results and Discussion
In a recent publication [28] , we have shown that a distributed Gaussian basis set of s-type functions generated by the even-tempered 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 µ hartree. In earlier calculations [45] , it had been shown that a ground state matrix Hartree-Fock energy of −1.133 629 523 3 hartree can be supported by a distributed basis set of s-type Gaussians in which both the exponents and the basis functions' positions were variationally optimized. The fully optimized matrix Hartree-Fock energy lies ∼ 0.36 µhartree below that associated with the eventempered/anharmonic model prescription.
In the present study, the use of a distributed basis set of s-type Gaussian functions generated by the even-tempered prescription and an anharmonic model in a Coulson-Fischer calculation for the experimental equilibrium geometry gave a ground state energy of −1.152 159 43 hartree, 0.018 529 858 53 hartree below the corresponding finite difference Hartree-Fock value. Fully optimizing the exponents and positions of the basis functions gave a Coulson-Fischer energy of −1.152 159 81 hartree. The difference between these two matrix Coulson-Fischer energies is ∼ 0.38 which is comparable with the corresponding difference measured for the matrix Hartree-Fock energies and suggests that the results are close to the basis set limit to a sub-µhartree level.
In Table 1 , the results of previously published calculations for the H 2 ground state employing the Coulson-Fischer wave function are compared with the present calculations for the experimental equilibrium geometry. All of these calculations used expansions in finite analytical functions to parametrize the Coulson-Fischer orbitals. The calculations may therefore be described as an application of the matrix Coulson-Fischer method. The original study by Coulson and Fischer used a minimum basis set. The matrix Coulson-Fischer calculations summarized in Table  1 employed extended basis sets. To our knowledge, there are no published finite difference or finite element electronic structure calculations for the Coulson-Fischer wave function.
In the second part of Table 1 , we have collected the results of Hartree-Fock calculations for the H 2 ground state at the experimental equilibrium geometry, which are relevant to the present discussion. For the Hartree-Fock model both finite difference and finite element calculations have been reported in addition to a number of finite basis set calculations which support an accuracy approaching that given by the fully numerical studies. These calculations provide valuable measures of basis set truncation errors. Table 1 also records the total energies obtained in four-component Dirac-Hartree-Fock and Dirac-Hartree-Fock-Breit calculations. Both finite basis set and finite element calculations have been reported for the Dirac-Hartree-Fock model. All of the finite basis set Dirac-Hartree-Fock calcluations collected in Table 1 employed the relativistic algebraic approximation in the 'strict kinetic balance' form, i.e. there is a one-to-one correspondence between the large and small component basis functions used to parametrize the four-component spinors. Parpia and Mohanty [55] employed the finite basis set of Gaussian function developed by Wells and Wilson [54] to approximate the large component of the molecular spinor and the 'strict kinetic balance' condition to generate their small component basis set. Quiney et al [29] employed a distributed basis set of s-type Gaussian functions, the large component basis set being constructed from that developed by Glushkov and Wilson [45] in a nonrelativistic calculations in which both the exponents and the basis function positions were fully optimized by invoking the variation principle. The small component basis set was again obtained by using the 'strict kinetic balance' condition. For the Dirac-Hartree-Fock-Breit model, in which the electron-electron interaction is described by the sum of a Coulomb term and the frequency-independent Breit operator, only the finite basis set calculations of Quiney et al [29] have been reported. These calculations also employed a distributed basis set of s-type Gaussian 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 functions derived from the nonrelativistic calculations reported by Glushkov and Wilson [45] . All of the calculations reported in Table 1 employed a point charge model for the nuclei. The exponents and basis function positions obtained by using the even-tempered recipe to generate the exponents and the anharmonic model to determined the positions are displayed in Figure 1 . The nuclei are separated by 1.400 bohr and located at ±0.7 bohr. The basis subset associated with each of the nuclei has the form [18 + 5 + 5][0 + 1] H . The exponents and basis function positions are tabulated in the supplementary material. These parameters were used to generate an initial guess for a fully variational calculation. In Figure 2 , the fully optimized exponents and basis function positions for a distributed Gaussian basis set of 58 s-type Gaussian functions are displayed. Again, the nuclei are separated by 1.400 bohr and located at ±0.7 bohr. The basis subset associated with each of the nuclei has the form [18 + 5 + 5][0 + 1] H and is given in the supplementary material for this paper.
Two numerical potential energy curves for the Coulson-Fischer wave function are shown in Table 2 . In this table, R is the nuclear separation. Values of R from 0.90 bohr to 10.00 bohr are considered. The first column of energies, which is headed E The differences between these energies are given in µhartree in the final column of Table 2 . 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 59 60 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 The two potential energy curves tabulated in Table 2 are plotted in Figure 3 using splines to interpolate the numerical values. The Coulson-Fischer potential energy curves are compared with the curve obtained in the extended James-Coolidge calculations of Ko los and Roothaan [49] . Note that the Coulson-Fischer curve lies below that reported by Ko los and Roothaan for values of R greater than ∼ 4 bohr.
Values of E opt. CF and E (ET /AM ) CF were calculated for nuclear separations close to the equilibrium value. The corresponding Hartree-Fock energies were also calculated. The numerical potential energy curves for internuclear distances close to equilibrium are given in the supplementary material. The curves are plotted in Figure 4 using splines to interpolate between the calculated values.
Whereas the Hartree-Fock model under estimates the equilibrium nuclear separation, the Coulson-Fischer wave function yields an overestimation. This is in agreement with the previous work of Wilson and Gerratt [10] who reported a value of R e of 1.427 bohr. The Coulson-Fischer function includes longitudinal correlation effects. Adding a second function which describes in-out or radial correlation, Wilson and Gerratt [10] found that R e was reduced to 1.412 bohr. Adding a function describing angular correlation led to an R e value of 1.418 bohr [10] . (Herzberg[58] gives an experimental value of R e of 1.4006 bohr.)
In Figure 5 , the 'shift' parameter ∆x 0 determining the anharmonic distribution model is plotted against internuclear separation. The numerical values are given in 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 the supplementary material to this paper.
Conclusions
The Coulson-Fischer wave function combines "conceptual simplicity" with "results of remarkable accuracy". In this paper, we have shown that, unlike the widely used Hartree-Fock function, the Coulson-Fischer function can yield an ab initio description of the entire potential energy curve and that, when implemented with a distributed basis set of s-type Gaussian functions, the energy of the Coulson-Fischer model can be determined to a sub-µhartree level. When ab initio molecular electronic structure theory is used to determine entire potential energy curves, the Coulson-Fischer ansatz forms the precursor for a number of methods in current use. A recent short review has been given by one of us [2] . 'Hierarchical tree' methods [2, 9] show particular promise. The present study demonstrates that an efficient approach to complete basis set limit for methods based on the Coulson-Fischer approach is afforded by distributed basis sets of stype Gaussian functions in which an even-tempered prescription for generating the exponents is employed in conjunction with the anharmonic model for distributing the basis functions. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 This supplement provides additional data for our paper The Coulson-Fischer Wave Function: Parametrization using Distributed Gaussian Basis Sets published in Molecular Physics [1] .
Supplementary tables
In Table 1 , the total electronic energies given by the Coulson-Fischer wave function for internuclear distance, R close to the equlibrium value. The Coulson-Fischer energy, E CF , is calculated for a distributed basis set of s-type functions in which the distribution is determined:
(i) from an anharmonic model (E
DBS(ET /AM ) CF
) and (ii) by a full optimization of the basis function exponents and positions (E Opt. CF ). The Hartree-Fock energies supported by a distributed basis set are also given.
In Table 2 , the distributed Gaussian basis set of s-type functions for the Coulson-Fischer ground state of the H 2 molecule with a nuclear separation of 1.4 bohr with even-tempered exponents and basis function positions determined by an anharmonic model. Exponents, ζ p , are given in bohr −2 . Basis function positions, x p , are given in bohr. The nuclei are located at ±0.7 bohr. The parameters for basis functions closer to one nucleus are given. The parameters for the basis functions closer to the other nucleus are related to those given by symmetry.
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In Table 4 , values of the 'shift' parameter ∆x 0 are given as a function of internuclear distance R.
Supplementary Figures
In Figure 1 , the distributed Gaussian basis set for the ground state of the H 2 molecule for an internuclear distance, R, of 4.0 bohr is shown for even-tempered exponents and basis function positions determined by an anharmonic model. The nuclei are located at ±0.7 bohr.
In Figure 2 , the distributed Gaussian basis set for the ground state of the H 2 molecule for an internuclear distance, R, of 4.0 bohr is shown for fully optimized exponents and basis function positions. Again, the nuclei are located at ±0.7 bohr. URL: http://mc.manuscriptcentral.com/tandf/tmph 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56 35 8.610158(-2) 1. 4 9.159648(-2) 1. 45 9.430276(-2) 1.5 9.798409(-2) 1. 6 9.995437(-2) 1.7
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